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Introduction

e Main topic: Non-locality in general probabilistic theories (GPTs)

Main tool:
Factorization of multimeters, i.e., collections of measurements.

e GPTs are a class of operational theories in which you can talk about preparations and
measurement outcomes

e Insight: Multimeters can be written as channels between GPTs
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General probabilistic theories



Decomposing quantum theory

Set of quantum states:
S(CY) :={p € My(C)r™ : p >0, Tr[p] = 1}.
What do we need to define a set like this?
e In which (real) vector space do my states live? p € My(C)herm™

e What does it mean to be positive? p > 0 <= p € PSDy

e Which hyperplane singles out the states among the positive elements? Tr[p] =1



The parts of a GPT
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e A GPT is a triple (V, V", 1), where V is a vector space, V* C V is a cone, and 1 is
a linear formon V; A= V* At = (VT)* and 1 € AT
e The set of states K := VT n171({1}) 5



Examples of GPTs (1/2)

Example: Classical mechanics
Any classical system is described by the triple CMy := (Rd,RS’r, 14), d € IN, where
14 =(1,1,...,1). The classical state space is the simplex with d vertices Sy.

Example: Quantum mechanics

Quantum theory corresponds to the triple QM := (M4(C)"*™ PSDy, Tr), d € IN.
The quantum state space is the set of density matrices S(CY).



Examples of GPTs (2/2)

Example: g-bits

The hypercube GPT has the unit ball of £2_ as a
state space, n € N. It is described by the triple
HC, := (R"*1, C,, 1), where

Co={(x0,x1,- -, Xn) ER™T x> T
1<|n

C
1(x0, X1, - -+, Xn) = Xo- 2



Bipartite systems

Let (Va, Vi, 1y,) and (VB, V5, 1y,) be two GPTs. How to construct a joint GPT?

e Joint vector space Vg := Va ® Vp, order unit 1y, := 1y, @ 1,
e For the cone VXB, we have in general infinitely many choices.

Definition (Minimal tensor product)

Let VA" and V;r be two cones. Their minimal tensor product is then defined as
VioVy =conv{xa®xg|xa € Vi, xg € V5 }.

Definition (Maximal tensor product)

The maximal tensor product of two cones is the set V&V = (V1 )*®(Vg)*)*

We are free to choose any tensor cone, i.e., any cone VXB such that

+ o+ + + &\ /+
VieVE c vk c vievt.



Examples of bipartite systems

e If one of the GPTs is CMy, the resulting joint GPT is unique, since the tensor
product of cones is unique as soon as one of them is simplicial [ALPP21]

e In quantum mechanics, PSD,,®PSD,, are the positive semi-definite matrices that are
separable and PSD,,&PSD,, the ones that are block-positive (entanglement

witnesses).

e Hence
PSD,,®PSD,, C PSDy, C PSD,,&PSD,,

e The tensor product of two copies of HC» with the Co& G, as cone gives a theory with
PR boxes (correlations that win the CHSH game perfectly).



Positive maps and channels

Let (Va, Vi, 1y,) and (VB, V5, 1y,) be two GPTs.

e Channels are linear mappings ® : V4 — Vg that are positive, i.e., CD(VX) - Vg, and
normalization-preserving, i.e., Ty, (P(v)) = Ly, (v) for all v € V4.

e \We may also denote the channel ® : V4 — Vg simply as a map ® : K4 — Kp
between the state spaces of the GPTs.

o Let {ej}; be a basis of V4 and let {c;}; a dual basis of Ay, i.e., aj(e;) = ;5. We can
define a special tensor yy, € A;&V, as

d
XV, = Za/ X €.
i=1

Lemma

Let £ € Kg®Ka. Then, there is a unique map ® : A(Ka)™ — V(Kg)™ such that
£ = (®®id)(xv(k,)) and ®(1k,) € Ks.



Effects and measurements

Effects are elementary yes-no-measurements, i.e.,

E={aeAt:1-aecAt}.

Definition
Let (V, VT, 1) be a GPT with a state space K. A measurement (or meter) on K with
k < oo outcomes is described by a channel f: K — Sy.

We can decompose
k
flo) = fi(e)di
i=1

for all o € K, where the f; are effects summing to 1 and the d; are the vertices of the
simplex. On the other hand, given k effects fi,.. ., fx that satisfy Zf;l f; = 1 one can
use the above equation to define a channel from K to Sg.



Instruments

We can define instruments as specific types of channels:

Definition

Let (Va, V:,]IVA) and (Vg, V;,]IVB) be two GPTs with state spaces K4 and Kpg,
respectively. An instrument from K, to Kg with k outcomes is described by a channel
(O3 KA — KB®5k-

Each k-outcome instrument ¢ between K4 and Kp is characterized by a collection of
operations ®4, ..., d, such that Zf‘zl ®; is a channel from K4 to Kg which maps

for all o € Ka.



GPT of column stochastic matrices

Definition

The column stochastic GPT is given by (CSy g, CSZg, ]lCSLg)' where CS , is the
vector space of real k x g -matrices whose column sums are equal, CS:g is the cone of
non-negative such matrices and ]lCSi,g : CSk g — R is a functional defined as
]lcsiyg(l\/l) = éTr[Jk,gM] for all M € CSi 5z, where Jy ¢ is the k x g -matrix of all
ones. The state space of this GPT is the set of column stochastic k X g -matrices
(non-negative k x g -matrices whose columns sum to one), which we denote by CS,%,g.



Multimeters

Definition
Let (V, VT, 1) be a GPT with a state space K. A multimeter on K with g
measurements, each with k outcomes, is described by a channel f : K — CS,f’g.

Alternatively, we can also represent f as

f(Q) - Z Z fa\x(Q)Ea-,X - (f-\l(g)? B f\g(Q))

x=1 a=1
for all o € K. Here, the E, x are matrix units and the f;, are effects forming

measurements f. .



Measurement incompatibility as
factorizations of multimeters




Compatible measurements

O O O
Definition "
A multimeter M = {M.|; },¢[¢] of & ° oo
measurements with k outcomes on K is "
compatible if there exists a single
[-outcome measurement N on K and some
conditional probability distribution o - s o
v = (V.bx)bell] xelg] O [K] such that
1 -0 0 0
1 2 ky
Ma|>< = Z Va|b,be // ©0 ©
b=1 o L k O-kg j/
for all a € [k] and x € [g]. N oo
12 k,



Compatibility as factorization

Theorem

Let M = {M.}«e[g] be @ multimeter of g measurements with k outcomes on a state
space K. Then, the following are equivalent:

L (id ® M)(xv(k)) € Kg@CS,%g for some ¢ in the relative interior of K
2. M consists of compatible measurements

3. There exist a finite number of outcomes N\, a measurement N : K — Sy, and a
channel ® : Sp — CS,% g Such that the following diagram commutes:

K Y CS}

N 7

Sa

&

Recovers results from [Jen18]. Here, K := {f € A(K)" : f(0) = 1}. 16



Compression of multimeters

Definition

Let M = {M. }«c[g] be a multimeter of g measurements with k outcomes on a state
space Ky. It is Kg-simulable if there exists a finite number of outcomes A, an
instrument ® : Ky — Kg®Sp with operations @, : V(Ka)™ — V(Kg)™", and a
multimeter N = {N.x x}xe[g],Ae[n] Of & - A measurements with k outcomes on Kp such
that

A
Ma|x — Z (Dj{(Na\X,)\)
A=1

for all a € [k] and x € [g]. Generalizes an idea from [ISD+22].

Qi ,,,,,

X - - -




Compression as factorization

Theorem

Let M = {M.}«e[g] be @ multimeter of g measurements with k outcomes on a state
space Ka. Then M is Kg-simulable if and only if there exists a finite number of
outcomes A, an instrument ® : Ky — Kg®@Sp and a multimeter N : Kg&Sy — CS,%g

such that the following diagram commutes:

KA M >CS,f7g




Classical simulation of multimeters

Definition ([ )]

Let M = {M. }xeg be a multimeter of g measurements with k outcomes on a state
space K. We say that M can be classically simulated (or is classically simulable) with a
multimeter N = {N., }, [, of r measurements with / outcomes on K if there exist
conditional probability distributions m = (.|« )xe[g] ©n [r] and

v = (V.|bx,y)bell],xelglyel] ON [K] such that

Majx = Z Ty|x Z Valb,x,y by
y=1

for all a € [k] and x € [g].

% 0 —
M t---a = N F---- v t---a

X x-r-{T}- b




Classical simulation as factorization

Theorem

A multimeter M = { M.} }«¢c[g] of & measurements with k outcomes on a state space
K can be classically simulated with a multimeter N = {N., },¢[,] of r measurements

with | outcomes on K if and only if there exists a channel ® : CS,lr — CS,%g such that
the following diagram commutes:

K M »CSi

e

Cs?

20



Steering as factorizations of
multimeters




Steering in GPTs

Definition

Let (V(K), V(K)",1k) be a GPT. An assemblage is a set {qax, 0a|x } ac[k] xe[g] OF
states o,x € K and conditional probability distributions (qax)ac[x) for all x € [g]
together with an average state p € K such that

0= Z Ga|x0Qa|x Vx € [g] :
a€[k]

Definition

Let {qa|x, ga|x}ae[k]7xe[g] be an assemblage. Then, the assemblage admits an LHS
model if there exist A € IN, a set of states {0} xg[n], @ probability distribution (px)xela]
and conditional probability distributions (1,5 x)ac[x] for all A € [A], x € [g], such that

A
Ga|xQa|x = Z Va| A\, xPXO X Vae [k]a Vx € [g] :
A=1 21



Assemblages as multimeters

We can associate to an assemblage a map ® : (CS; )™ — V/(K)™ such that
(les ) =0
cb(mgX)) = Ga|x0Qalx Vx € [g]v Va e [k]
mgx) = Tr[E, x-], where E; « is a matrix unit with a 1 at (a,x). If g is in the relative
interior of K, the dual map ®* : K7 — CS/},g is a multimeter.

Warning: Unlike in quantum mechanics, an assemblage cannot always be seen as
coming from measuring a bipartite state on one system.

22



Having an LHS model as factorization

Theorem
Let {qa|x; Oajx }ac[k]xe[g] be an assemblage with average state g € K and associated

map & : (CS; )" — V(K)* such that ®(1cs1 ) = 0. Then, TFAE:
v '8
1. (id® ¢)(Xcs:g) € CS&’g®K
2. {qa|X7 Qa|X}a€[k],X€[g] has an LHS model

3. There exist a finite number N\, and appropriate maps V1, W, such that the
following diagram commutes:

(CSie)” 2 V(K)"

N

(S8)*

Recovers results from [Jen18]. 23



Classical simulation of assemblages

Definition

Let {qajx; Qajx }ac[k]xe[g] b€ an assemblage with average state g € K. We say that the
assemblage can be classically simulated (or is classically simulable) by an assemblage
{Vblys Obly tbelyel] With & = 0 € K if there exist conditional probability distributions

7 = (7x)xelg] N [r] and v = (Vb x,y ) belf] xele].yelr] ©N [K] such that

r /
Ga|xCa|x = Z Ty|x E : Valb,x,y Vbly by
y=1 b=1

for all a € [k] and x € [g].
Motivation: Applying a classically simulable multimeter on half of a bipartite state.

24



Classical simulation of assemblages as factorization

Theorem

Let {qa|x; Oajx }ac[k]xe[g] be an assemblage with average state g € K and associated
map & : (CS; )" — V(K)™ such that <D(]1C5Lg) = 0. Then this assemblage is
classically simulable by the assemblage { vy, Op)y }bef),yel] With & = @ € K if and only
if there exist appropriate maps W1 and Wy such that the following diagram commutes:
(CSke)* ® V(K)*
v, v,

csi, )

If 0 is in the relative interior of K, the assemblage is classically simulable if and only if
the multimeter ®* : K3 — CS,%*g is classically simulable.

23



Bell non-locality as factorizations of
multimeters




Bell behaviors

e Bipartite Bell behavior:
Tr[(Majx ® Npjy) 0] = Papjxy =0 withae k], bell], x€[g], y €lr].
o Given multimeters M : Ka — CS/",, N1 Kg — CS/, and 0 € Ka ® Kg, (M @ N)(0)
is in C5ﬁ7g®CS,17r.
e The set of all no-signaling behaviors is in 1-to-1 correspondence with CS,}g@)CS,lJ.
A Bell behavior (p, p|x,y)ac[k],bell],xc[g].yc]r] €an be described by an LHV model if there

is a locally hidden variable A € IN and probability distributions g on [A] and (v,|>\,x) on
[k], (w.x,) on [/] such that

pa,b|x,y — Z q)\Va|)\,xWb|)\,y
A€[A]

forallae[k], be][l], x€[g] y € [r] 26



Bell behaviors as multimeters

Theorem
o (CSZg)* — CS,J; with CD(]lCS;g) € C5,1’r if and only if and there exist no-signaling
probability distributions (p,, px,y)ac[k],be]] SUch that

(g, ®(m5?)) = pasixy Va€ (Kb € 1], x € [g], Wy € [1]

If &(lcsy ) = g is in the relative interior of CSj g then ®: (CSp )5 — €S, is a
multimeter.

27



Having an LHV model as factorization

Theorem
Let & : (CS; )" — CS}f, with O(lcsy )€ CS}.. Then, the following are equivalent:
7 ) ’g‘ )
1. (¢ ®id)(xcs,,) € CS},OCS} .

2. The associated no-signaling probability distributions (pa7b|x7y) ac[k],be[] @dmit an
LHV model.

3. There exist a finite number of outcomes A\, and appropriate maps V1, V5 such
that the following diagram commutes:

(CSp )t @ »CS)l,

N

Sh

28



Bell compression as factorization

Theorem
Let & : (CSJr ) — CSJr with ¢(]lC51 ) € CS,r and let (V(K), V(K)*,1k) be a
GPT. Let V and F be appropr/ate maps Then, the following diagram commutes

(CSp ) i »CS}',

V(K)T&Sy
if and only if the no-signaling probability distributions defining ® satisfy
Pa,b|x,y = Z W)\<Fb\y,)\7 qa\x,)\Qa|x,/\> Va € [k]7Vb € [/]7VX S [g],Vy S [r] .
A€E[A]
Here, (wx)xe[n] is @ probability distribution, (qa|x,x)ac[x] @re some conditional

probability distributions, F is a multimeter, and {qa|x x Qa|x,) }ac[K],x[g] IS aN
assemblage for all \ € [A]. 29



Bell compression in quantum mechanics

In quantum theory, we can find bipartite states Q;’\é and a multimeter such that

Tafx, ) Oax,x = TrA[(Eapxn ® ]IB)Q(A’\‘,;]. Thus, the equation on the previous slide can be
written as

A
A
Pabley = D WATH[(Buper ® Fyya)ola|  Va € [kl Vb € [1],vx € [g], Wy € [1].
A=1

In GPTs, this might not be possible, depending on the bipartite theory.

30



Extendability of tensors




Extendability of tensors

Entanglement theory: oapg is separable if and only if for all n € N there exists a state
OAB;1B;...B, that extends pap , i.e.,

1. Trp,..B,[04B,B,..B,] = 04B
2. WBlBg...Bn(UABlBg...Bn) = OAB1B;...By» where 7 permutes Bl, Y B,.

Thus, separability can be checked using the DPS hierarchy [DPS04].

To extend this idea to GPTs, we define a reduction map of n-th order:

1< . .

(O3 [} —1 . _

Tn -VS’”—> Ve, T = n .Elq)@' ®id @ " "
1=

Definition

Let ® be a linear form in the interior of (V)*. A tensor £ € V&V, is n-extendable

with respect to @ if there exists £(") € V& (VZ)®" such that (id @ v9) (M) = ¢. i



Extendability of multimeters

A multimeter M = {M.|; }¢[g] is said to be n-wise compatible with n < g if for all

{x1,..-,xa} C [g] the measurements {M.  }ic[n) are compatible.

Theorem

Let M : K — CS,ig be a multimeter and &y € A(K)*@CS:g be the corresponding

tensor. Then M is n-extendable with ® = ﬂcs; if and only if it is n-wise compatible
&

such that for all measurements {x1,...,x,} C [g] there exists joint measurements

GOt xn) — {G§f l_ﬁj;;;:") K ..a—1 Which satisfy the following no-signaling constraints

k k
G(Xlw--yxi—l7Xi7Xi+17~~-Xn) _ G(Xl7-~~7Xi—175<'i:Xi+17~~~Xn)
a1,...,an = a1,...,an
a,:l a,-:l

for all aj € [k], x; € [g], j € [n] \ {i} and x;,%; € [g] for all i € [n]. In particular, M is
compatible if and only if £y is g-extendable. 3



Extendability of no-signaling behaviors

Definition

Let g,r,k,/ € N and m € [g] and n € [r]. A no-signaling probability distribution

P = (P. |,y )xelglyelr] On [K] x [/] has an (m, n)-LHV model if for all (xy, ..., xm) € [g]
and (y1,...,¥n) C [r] the restricted no-signaling probability distribution

(P lxoy IxE{xt,omxm by E{ytsmyn} ©ON [K] X [/] has an LHV model.

Note that p = (p...|x,y )xe[g].ye[r] has an LHV model if and only if it has an (g, r)-LHV
model.

Theorem

Let P € CS,? g® CS,}y g with the corresponding no-signaling probability distribution
P = (P..|x,y)x,ye[g] N [K] x [k] and let n € [g]. Then P is n-extendable if and only if p
has an (g, n)-LHV model such that the corresponding (g, n)-LHV decompositions

satisfy some additional no-signaling constraints. If n = g, then P € CS; ,®CS .
bl 9 33



e We have presented the formalism of general probabilistic theories (GPTs).

e In particular, we have seen how to write multimeters, i.e., collections of
measurements, as channels from the state space to column stochastic matrices.

e We have used it to define measurement incompatibility for GPTs.

e We have expressed compatibility of measurements and different notions of simulations
as factorizations of multimeters.

e We have then seen that the same ideas carry over to assemblages and no-signaling
behaviors.

e We have seen that multimeters are n-extendable if and only if the measurements are
n-wise compatible and the joint measurements satisfy no-signaling constraints.

e Likewise, we have seen that no-signaling behaviors are n-extendable if and only if the
they have a (g, n)-LHV model, satisfying some no-signaling constraints.

34
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