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Introduction

Area laws on gapped quantum spin systems

NCEREY

S(px) < CloX| + D

Example (Maximally entangled state)

NIXI
Z \/NT ‘ X,a> ® |WXC,0l>
S(ox) = [X|In N

One-dimensional case proved by Hastings?

M. B. Hastings, J. Stat. Mech. (2007), P08024.
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Introduction

Stability of the area law
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Prerequisites

The lattice

o Lattice: Set Z", graph distance d
o Hilbert spaces: sup,crdimH, < N

oX

X X X X X X X X X X X X X

o Quasi-local algebra A and integrable underlying structure

e Local normality: For any A € Ax, we have w(A) = Tr (p%A).
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Prerequisites

The algebra

o Ax = B(Hx)

@ Quasi-local algebra:

Aloc — U AZ; A= A]OC”.H
ZCcr
|Z|<o0
@ For X C Y, Ac Ax: Identify Awith A® 1y\x € Ay.
o Local normality: A € Ax

W(A) = Tt (5 A)
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Prerequisites

Integrable underlying structure

Assume 3F : [0,00) — (0, 00) non-increasing s.t.:
@ Uniform integrability:

I —SupZF x,y)) <

xel yer

@ Convolution condition: 3Cg > 0 such that

Y Fd(x,2))F(d(z,)) < CEF(d(x,)).

zel

Example (in Z" 2)

Fo(r)=@Q+r)"0F9 e>q

2B. Nachtergaele, Y. Ogata and R. Sims, J. Stat. Phys. 124(1), 1-13
(2006).
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Prerequisites

The spectral flow

@ Projection onto lower part of spectrum3:
Pa(s) = Un(s)Pa(0) Un(s)"

o Spectral flow: a2 (A) = Up(s)*AUA(s), A € Ap
e Generator:

%U/\(S) — iDA(s)Un(s), Un(0) =1
with

DA(s) = ) Wa(Z,s)

ZCA

3S. Bachmann, S. Michalakis, B. Nachtergaele and R. Sims, Comm. Math.
Phys. 309, 835-871 (2012).
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Prerequisites

Lieb-Robinson bounds

Theorem (LR-bounds for the spectral flow*)
Let Ac Ax, B€ Ay and s € [0,1]. Then

| [e2ca), B] | < 21141181 Ko (e — 1) min { | X[;| Y]} u(R)

for d(X,Y) = R >0, u(R) almost exponential and Ky, wy > 0.

4S. Bachmann, S. Michalakis, B. Nachtergaele and R. Sims, Comm. Math.
Phys. 309, 835-871 (2012).
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Local factorisation

Local factorisation theorem

For a finite X C I as before, R € IN, and any finite A C T such
that X~ C A,

|Un(z,9) = (Ux(t, $) @ Unx(,9)) Ugex (e, )"
< [0X1 Wl IFI| ¢ — | [20(R/2) + [oX]| (R/2)E(R/2) (%!~ L 1]

&*|lFel.

where Kk = G
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Local factorisation

Approximate Py

Consider 7V with graph distance d. Let ® be an interaction which
is bounded, finite ranged and generates a finite-volume Hamiltonian
with unique ground state on N C Z finite. Then for any | > R
there exist two projections Px € Ax and Pxc € Ay x and an
observable Px,, € Ax, .3 with ||Px,,|l <1 such that

1Px,, PxPxe — Poll < KCoNo|dr X 215e2¢ =: &(/)

with
2w

£ pAv2+9%
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Conclusion

Quasi-local Hamiltonians with spectral gap

e Family of Hamiltonians (s € [0, 1]):

Ha(s) = Y ®(Z,5)

ZCA

@ Quasi-local interaction ®(Z,s) € Az
o Gap:

sup{ | A1 — )\2‘ T E 0'1(H/\(5)),)\2 S O'Q(H/\(S)) } >v>0
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Conclusion

Decay of the eigenvalues

Lemma (Decay of the perturbed eigenvalues®)

Let wo aZ” € S(A) with associated density matrix p%(s), R > R».

Then
qu(s) q.,(0)
o)< D> 0%(0) +2¢(R,5)
a=NGC3RY[8X| 41 a=N~RY[9X| 1

with G3 > 0, Kk > 0.

2¢(Ro,s) < € — S (p%(s)) < CRY|OX| + D

®S. Michalakis, Arxiv:1206.6900v2 (July 2012).
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Approximation: |deas of the proof

@ Definition of the unitary: 08X(2R)(0) =1

d ~ . ~ .
EUBXQR)(S) = —’Oégx(m) <D8X(R)(5)> U8X(2R)(5)

@ Inner part:
Dax(r)(s) = > V(Z,s)

ZCOX(R):
ZNX#AD,ZNX#)

o Define: V(s) = Ua(s)*Ux(s) ® Ux<(s)
o As differential equation:

%V(s) = —ia(Dp — Dx — Dx<)V(s), V(0)=1

o Norm grows with |9X|: HﬁaX(R)(s)H < Wl lIFull |OX|<RY
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